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Abstract 

In this paper, we show that the twistor space J{B?'^~^'^) on Euclidean space 
jg ^ Kaehler manifold and the orthogonal twistor space ^7(5'^"') of the 
sphere S is a Kaehler submanifold of J{R^''+'^). Then we show that an 
orthogonal almost complex structure Jf on 5^"' is integrable if and only if the 
corresponding section /: 5^" i7(5'^") is holomorphic. These shows there 
is no integrable orthogonal complex structure on the sphere 5"^" for n > 1. 



1. Introduction 

An almost complex structure J on a differentiable manifold is an endomorphism 
J: TM —>■ TM of the tangent bundle such that = — 1. It is known [2] that the 
only sphere admitting such structures are S"^ and S^. These can also be proved as 
follows. 

If the sphere S'^^ has an almost complex structure, there is a complex vector 
bundle E = T^^'^^S^" and there is a twisted Signature operator D: r(A~'"(5'^") 
E) r(A"(5^") ® E). The index of operator D is (see [5], p. 256, Theorem 13.9) 

ind(D) = / L(T52") ■ V 2^chj{E) = [ 2"c/i„(E), 

n n 

where Hirzebruch L-class L{TS'^'') = 1. Let c{E) = E Ci{E) = J] (1 +3;^) be the 

i=0 i=l 

total Chern class of E, Xi the Chern roots, ci{E) = ■ ■ ■ = c„_i(i?) = 0, Cn{E) = 
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e(T52n^ ^l^g E^lg^ ^l^gg ^2n (^ggg [;l2]). Notc that 

nlcKiE) = + + = ^.-5^ x-i.^. 

= (n - l)!c/i„_i(£;)ci(^) - ^ • X,-, 

i^i i j^k i,j,k 

where i,j,k are all different. These shows 
Then 

^ ' Js^r. (n-1)! ^ ^ (^-1)! 
This shows that there are no almost complex structure on 5"^" when n > 3. 

If there is an almost complex structure on 5"^, we have a Dolbeault operator 
D: ^(o,e^;en)(^4) ^ (5^) . The index of operator D is 

ind(D) = / Td(T(^'°)5^), 

where Todd class Td{T^^^^^S^) = 1 + ^C2(r(i'")5^) = 1 + ^e{S^). Hence we have 
ind(D) = |, this shows there is no almost complex structure on S'^. 

The structure J: TM — > TM is said to be integrable if it comes from an honest 
complex structure on M, then M is a complex manifold. It is a long-standing 
problem that whether there is an integrable complex structure on the sphere 5*^. 
In 1986 Hsiung [3] proposed a proof of the nonexistence of an orthogonal complex 
structure on 5*^. In 1995, he published a book [4] on this subject. There are many 
computation in Hsiung's proof, I can not repeat his proof. In 1987 Lebrun [6] studied 
the same problem. In this short paper, he proved that V x^^p — —'^x^Xa for (0, 1) 
vector fields if the orthogonal complex structure J is integrable. Then he claimed 
that this can be used to prove that the map r: U G?,{C'^) is a holomorphic map. 
In this paper we shall show that = — Vx^X^ can not hold, see Lemma 4.2 

below. 

In [9], we use Clifford algebra and the spinor calculus to study the orthogonal 
complex structures on Euchdean space and the spheres S^,S^. By the spin 
representation we show that the Grassmann manifold G(2, 8) can be viewed as the set 
of orthogonal complex structures on R^. There are two fibre bundles r: G(2, 8) — > 5"^ 
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and Ti: CP^ S'^ defined naturally. In this way, we show that G'(2, 8) and CP^ 
can be looked as twistor spaces of and respectively. Then we show that there 
is no orthogonal complex structure on the sphere S^. 

In this paper we study the general problem. Let J{R^'^) be the set of all complex 
structures on Euclidean space i?^". We first show that, with naturally defined met- 
ric and complex structure the twistor space J{R^^) is a Kaehler manifold. Then 
we show that the orthogonal twistor space J7'(5'^"') is a Kaehler submanifold of 
j-^j^2n+2^^ where J7'(S'^"') is the set of orthogonal complex structures on S*^". While, 
the twistor space J7'(5'^") of the sphere 5'^"' formed by all complex structures is not 
a Kaehler submanifold of J{R^'^^'^). It is known that any almost complex structure 
on 5"^" can be determined by a section / of the fibre bundle tt: J{S'^^) — > 5"^". 

In Theorem 3.4, we show that an orthogonal almost complex structure on 5"^" 
is integrable if and only if the map /: 5*^" J'(S'^"') is holomorphic. Then S^'^ 
is a Kaehler manifold if there is an orthogonal integrable complex structure on it. 
These shows there is no orthogonal integrable complex structure on the sphere S'^"' 
for n > 1. 

Let /: ^ J(52n) ^ jr(i?2"+2) be a section which may be defined locally. 
In §4 we show that the map /: 5"^" — > ^"(7?^"+^) is holomorphic if and only if the 
complex structure defined by / is orthogonal and integrable. 

There are two connected components on J'{S'^^). Denote the twistor 

space of all oriented complex structures on 5"^" and J'^{S'^"') the subspace of orthog- 
onal complex structures. The space J'^{S^"') is a deformation retract of J''^{S'^"') 
and the cohomology groups of these two spaces are the same. Theorem 3.6 shows 
that the Poincare polynomial of is 

Pt( = (1 + + t') ■■■{! + 1^"). 

The method used in this paper is differential geometry, especially, the moving 
frame and the Riemannian connection. 



2. The twistor space 

Let Ei— (0, • • • , 0, 1, • • • , 0)* {i — 1, - ■ ■ , 2n) be the basis of Euclidean space i?^" 

(0-1 \ 
1 

and GL{2n,R) be the general linear group. Let Jq = '■. be 

-1 

V 10/ 

a complex structure on R'^'", Joe2j_i = 62^, ^0621 = —^2i-i- Let GL{n,C) be the 
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stability subgroup of Jq: 

GL{n, C)^{ge GL{2n, R) \ gJo = Jog}- 

Then 

J{R'n = ^al{n^C) = ' ^ ^ GLi2n,R)} 

is the set of all complex structures on i?^" called a twistor space on i?^". It is clean 
we have 

^{Ae GL{2n, R)\A^^ -I}. 

Lemma 2.1 For any A — gJog~^ £ J{R^'^), g — (ei, 62, • • • , e2n), where 
ei e R?'^ are column vectors, we have Ae2i-i — e2i, Ae2i — —621-1- 
Proof The Lemma follows from 

A{ei, 62, • • • , e2n) = (ei, 62, • • • , e2n)Jo = (e2, -ei, • • • , e2n, -e2n-i)- □ 

For any B e GL{2n, R), define inner product on TBGL{2n, R) — gl{2n, R) by 

(X, Y) = itr (Xr*) + itr {BXB-\BYB-^y), X,Y e gl{2n, R). 

Restricting this inner product on TJiR?"^) makes JiR?"^) a Riemannian manifold. 
It is easy to see that 

TAJiR^"") = {X e gl{2n, R)\ AX + XA = 0} 
= {X e gl{2n, R)\X = AX A}. 

The normal space of TaJ{R^'^) in TAGL{2n, R) with inner product ( , ) is 

T^JiR^"^) = {Y e gl{2n, R) \ AY -YA = 0} 
= {r e gl{2n, R)\Y = -AY A}. 

The spaces TaJ{R'^") and Tj-J(i?2") are all invariant by the action Ad{A). Then 
for any Xi, X2 G TaJ{R'^'^), we have 

(Xi,X2) =tr(XiX*). 

Similarly, for any Y^, Y2 G T^J{R^''), we have (Fi, Fs) = tr {Y^Y^). 

For any A G J{R^'^), the map X G gl{2n, R) 1-^ AX defines a complex structure 
on gl{2n, R). It is easy to see that 

A: TAJiR^"") A: T^JiR^"") T^JiR^""). 
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The maps A: TaJ{I^^) TaJ{B?^) define an almost complex structure J on 
J{R'^"-). In general, 

{X,, X2) ^ {JX,, JX2), Xi, X2 e TAJiR^""). 

Let D be the Riemannian connection on Ji^E?^) with respect to the Riemannian 
metric defined above. 
Lemma 2.2 DJ = 0. 

Proof Let Xi, ■ ■ ■ , X2n2 be tangent frame fields on J{B?'^) such that JX2i-i — 
X2i, JX2i — —X2i-i. Let Ya be local sections on T-^J{B?'^). Then we can write 

By Gauss formula, the connection D is determined by 

DXi = ^ uj^Xk. 

Let dA — Y^ oj^Xi. Prom JX2i-i = AX2i-i — X2i, we have 

dX2i — ^ ^2i^k + X] '^2i^a 

= Y,^'XiX2i-^ + Y.^2i-iAXk + Y.<-i^^-. 

By AXiX2i-i = XlX2^-lA, we know that XiX2i-i G hence E a;|iXfc = 

2j-l _ 2i 2j-l _ 2j 
^2i-l—^2ii ^2i — —^2i-l- 

Then D{JX2i-i) = JDX2i-i and 

(DJ)X2i_l = :D(JX2i_l) - JM2i_l = 0. 

Similarly, (DJ)X2i = 0. □ 

For any X, X' e TJiB?"") define 

(is2(X,X0 = + \{JXjX'). 

The almost complex structure J is orthogonal with respect to the metric ds^. 

Theorem 2.3 With Riemannian metric ds^ and the complex structure J, the 
twistor space J{E?'^) is a Kaehler manifold. 

Proof By Lemma 2.2, D is the Riemannian connection with respect to the 
metric ds^. J{R'^'') is an almost Hermitian manifold with metric ds'^ and almost 
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complex structure J. From DJ = 0, we know that J is integrable and ^/(i?^") is a 
Kaehler manifold. □ 

The orthogonal twistor space J7'(-R^") = 0{2n) /U{n) on Euchdean space i?^" is 
a subspace of J{R^'^). Note that the induced metric on J{R^^) is 

ds^{X, X') = ds^{JX, JX') = {X, X') = tr {XX'^). 

Theorem 2.4 (1) J{R^'') is a Kaehler submanifold of J{R^'')] 
(2) is a deformation retract of JiR^""). 

Proof J{R^'') = {A e J{R^'') I A* = -A} is a submanifold of J^R^"") and the 
tangent space TaJ'{R'^"') is invariant under the action J. Then J'(-R^") is complex 
submanifold of J{R^'^), hence a Kaehler submanifold. 

For (2), let A be any element of J{R^''), set A = Ai + A2 where Ai = A2 = 

A\. From ^2 = Aj+Al+AiA2+A2Ai = -I and (^1^2 +^2^1)* = MM-, 
we have 

+ ^2 = ^1^2 + ^2^1 = 0. 

It is easy to see that A\ is a non-singular matrix. Let ei, ■ ■ ■ , e2„ be orthonormal vec- 
tors such that ^264 = AjCj, then A2 = Y^ XiCi-ej. Let Ai = BP be the unique decom- 
position such that B G BP = PB, = —Af and P is positive definite, for 

proof see [8], p.205,213. Hence P = E ^1 + Af e^-e*, PA2 = ^P, PA2 + A2P = 0. 
The element A is determined by B and A2 with PA2 + A2B — 0. 

As A2Bei — —BA2ei — —XiCi, then if A, is a non-zero characteristic value of A2, 
— Aj is also a characteristic value of A2 with characteristic vector Bei, B(Bei) — — Cj. 
These shows that for any A G J'{R'^"'), there are orthonormal vectors ei,e„+j and 
numbers Aj such that A = Ai + A2 = BP + A2 with 



i=l i=l 

n 

i=l 

n n 

^ = \/l + A|(e„+ie- - e^e^+J + ^ A^(eie* - e^+^e^+J. 

i=l 1=1 

Let ^2(0 = tA2, P(t) = Ej/lTt^Af (e^e* + e„+ie^+,). Then = BP(t) + 
A2{t) e J(P^"). These shows J(p2") is a deformation retract of ^^(P^"). 
Then we have a map ^^(P^") J{R^'') defined by A ^ P. □ 
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3. The orthogonal complex structure on the sphere 5"^" 



Let g — (e_i, Co, ei, • • • , e2n) G GL{2n + 2,R) and g ^ 



( «-i \ 

So 



where 



\ / 

e_i, ■ ■ ■ , e^n are column vectors and • • ■ , S2n are row vectors. Then 

n 

A = gJog~^ = (^2i • -521-1 - e2i-l ■ S2i). 
i=0 

Let e_i = (1, 0, • • • , 0)* G be a fixed vector and 

= {eo e I |eo| = 1, eo ± e_i}. 

The twistor space J{S'^^) on S"^" can be represented by 

JiS^"") = e I >le_i e and At; ± e_i, Ae_i for v ± e_i, Ae_i}. 

The projection tt: ^(^^n) ^ ^2n jg ^(^^^ ^ ^(52^^) is a Riemannian sub- 

manifold of J{R^'^^'^) with the induced metric. 

Let J{S'^'^) be a subspace of J{S'^'^) formed by all orthogonal complex structures 
on 5"^". By Theorem 2.4, J{S^") is a deformation retract of J{S'^'^). Then any 
almost complex structure on 5"^" can be deformed to an orthogonal almost complex 
structure. 

For any A = gJog^^ G J {R'^"-'^^) , g G 0(2n+2), we can choose an h e U{n+1) C 
S0{2n + 2) such that gh = (e_i, Cq, Ci, • • • , e2n), where e_i = (1, 0, • • • , 0). Then 

n 

A = S'JoS'* = eoe*_i - e_iel + ^ (e2ie2i_i - e2i_iey. 

i=l 

n 

S {^2iG2i-i — ^2i-iG2i) defines an orthogonal almost complex structure on tangent 

i=l _ _ 

space Te„(^^"). These shows ^^(52^^) = J{R^'^+'^), see also [5]. 

Theorem 3.1 J{S'^'') is a Kaehler submanifold of J{R^'^+^). 

Proof The theorem follows from Theorem 2.4. In the following we give a direct 
proof. We need only to show that for any A G ^(5^"), JiTAJiS^"^)) = T^Jl^^"), 
where J is the complex structure on J7'(-R^"'^^) defined in section 2. 

— n 

The elements of J{S'^"') can be represented hy A — {^21 ■ ^ii-i " ^2i-i ■ e^j), 

1=0 

where e_i = (1, 0, • • • , 0)*, eo G S^"", (e_i, eo, ei, • • • , e2n) G 0(2n + 2). By the 
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method of moving frame we have 



d(eo, ei, • • • , e2n) = (eo, ei, • • • , e2„) 



/ 





. 









■ ^^l,2n 


^12 





■ — ^2,2rt 


(^13 




■ —(^3,271 



\ a;i,2„ cc;2,2n • • • / 
By a simple computation, 

^ J2 (^■2i,2j-i + ^2i-i,2j) (e2j-ie2i_i - 62^62^ " e2i-ie\^_-y + e2ie*2j) 

+ (^2i,2j - a;2j-i,2j-i)(e2je2j_i + 62^-162^ - e2ie\j_^ - e2i-ie\j) 

i<j 
n 

1=1 

n 

+ Y '^^'"^(e2j-ie*_i - e_ie2j_i + 606*2^ - 62160). 



1=1 



Then 



Pij = e2je2j_i + e2j-ie2j — e2je2j_i — 621-162^, 

^2j-l = 62j-l6*_i - 6_i6|j_i + 6o6|j - 62^60, 
X2i = 62i6*_i - 6_i62i - 6o62i_i + 62,-160 

are local tangent vector fields on J'{S'^'^). The Lemma follows from 

Aaij = I3ij, AX2i-i = X2i. □ 

_ LetT^J{S^''),T^J{S^'') the subspaces of Ty(^^") generated by aij^Pij and 
X2i-i,X2i respectively. It is easy to see that T^JiS^"") are tangent to the fibres of 
fibre bundle tt: ^ 



Note that 



7r*(X2i_i) = 62i-l, 7r*(X2i) = 62i. 



2n 



1=1 
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The subspaces T^J'{S'^"') and J'{S'^"') are orthogonal with respect to the Rie- 
mannian metric on J'{S'^"') and are called the vertical and horizontal subspaces of 
TJiS^"") respectively. 

By Theorem 3.1, J is a complex structure on J'(S'^") and preserves the decom- 
position 

On the other hand, any A e J{S'^'^) defines a complex structure J a on Te^S'^'": 

X&T,,S^^^ Ja{X)^AX, eo = 7r(A). 

7r~^(eo) is the set of all complex structure on T^^S'^'^. By Theorem 2.3, every fibre 
of tt: JiS^"") -S^" is a Kaehler submanifold of JiS^""). 

We have proved the following 

Lemma 3.2 (1) The following diagram of maps is commutative, 

rp C2n rp q2n. 

-'■ eo^ -'■ eo^ ) 

(2) J: T^JiS^"") T^JiS^""), J: T^JiS^"") T^JiS^""). 

As we know, there is a one-one map between the almost complex structures on the 
sphere 5"^" and the sections of fibre bundle tt. Let /: S'^'^ J{S'^"') be a section, Jf 
be the corresponding orthogonal almost complex structure, Jf{v)'- TyS"^^ TyS'^"'. 
The map / is holomorphic if Jf = J . 

From Lemma 3.2 and n o f = id, we have 

Lemma 3.3 Jf{v) = t^*J f*- 

For any X G T„{S^^), set /,(X) = + Z^, G Tf^^.^^J{S^^), Z^ G Tj^^^J{S^^), 
we have Jj(t,)(X) = 7r*J(Zi). On the other hand, the tangent vector X can be 
left to a horizontal vector X G Tf^^-^J{S'^'^), it is easy to see that X = Zi. The 
complex structure -//(,;): T^.S'^"' T^S'^"' is determined by the complex structure J 
on T/J„) ^(^2") and the isomorphism vr,: Tf^y)J{S^'') ^ T^S^n^ 

By Theorem 3.1, ^(^^'^^is a Kaehler manifold, then dim H^'' {J{S^''))^> 1 for 
k = 0,1, ■ ■ ■ ,71^ + n. H"^^ [J {S"^"^)) is generated by the Kaehler form on J{S'^'^) if 

dim/i'2fc(J(52n)) ^ I 

In the following we study the problem of the existence of complex structure 
on sphere 5"^". By [2], there is an almost complex structure on S'^'^ if and only if 
n = 1, 3. As 5"^ = CP^ is a Kaehler manifold, we need only consider the sphere -S"^. 
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Let /: S*^" J'{S^^^) be a section of fibre bundle tt, the section exists if only if 
n = 1,3. By almost complex structure Jf, we have 



where T(i'0)52n = {X _ ^/^ij^x | X e T^^"} and T^o,i)g2n ^ 7^(i,o)^2n xhe 
almost complex structure Jf is integrable if only if 

[x,Y] e r(r(^'°)52n^) ^^j. ^^^y e r(r(^'°)52n^)_ 

Similarly, with respect to the complex structure J, we have 

The section /: -5^" ^ ^(5^") can be viewed as a map /: -5^" ^ c/Z(2n + 2, i?) 
and TaJ{S'^'') is a subspace of ^Z(2n + 2, i?), then 

= ^/ 

for any X e r(r,52") or X e r(TS'^'' C). 

On the other hand, the section / defines an almost complex structure J/ e 
r{End{TS'^")). We can compute V xJf, where V is the Riemannian connection on 

the sphere S"^^. 

Theorem 3.4 The orthogonal almost complex structure Jf on S*^" is integrable 
if and only if the map / is holomorphic. Then there is no integrable complex 
structure on the sphere S*^" for n > 1. 

First wc prove 

Lemma 3.5 /*X = VxJf + X, where X is the horizontal lift of X to T^JiS^"") 
and VxJf G r(r^ ^(5^'^)) is a vertical vector field. 

Proof Let ei, • • • , e2n be local orthonormal vector fields on 5"^". The section / 
can be represented by 

/ = eo ■ e*_i - e_i ■ Cq + (d, ■ ■ • , e2n)B{ei, • • • , e2n)*, 

where eo G 5"^" and S a matrix function on 5"^", — —I and BB^ — I. Let 

deo = (ei,---,e2n)('x;\---,a;^")*, 

d{ei,- ■ ■ ,e2n) = (ei, • • • ,e2„)a; - eo(a;\ • • • ,0;^"). 

Hence 

V(ei, • • • , e2n) = (ei, • • • , e2„)a;. 
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2n 

df ^ {ei, ■ ■ ■ , e2„){dB + cuB - Buj){ei, ■ ■ ■ , e2ny + Y1 ^^^i- 

1=1 

On other hand, as an endomorphism on TS'^'^, Jf is represented by 

Jf = (ei, ■ ■ ■ , e2n)-B(ei, • • • ,e2n)*, 

Jf{X) = (ei, • • • , e2n)B{ei, e2n)*X = J] 5wefe(e*X) = ^ X'S^Cfc, 
where X = E X^ei E TS^"". The Lemma follows from 

Vx J/ = (ei, • • • , e2n){XB + uj{X)B - Buj{X)){e^, • • • , e2n)\ 

and 

— 2n — — 

where X = E ^'^i is the horizontal lift of X and V^J/ e r(r^ ^(,^2")). □ 

z=i 

Now we complete the proof of Theorem 3.4. By Lemma 3.2, X G T {T^'^'^'' J [S^"^)) 
for any X G r(T(^''^)5'^"). It is easy to see that the almost complex structure Jj is 
integrable if the map / is holomorphic. 

Next assuming that the almost complex structure J/ is integrable. We show 
VxJf e r(r(i'0) J(52n)) ^j. ^^^y x e r(T(^'^^S^''), then the map / is holomorphic. 

In this case, [X,Y] = VxY - VyX G riT^^^^^S^"") for any X,Y e r(T^^'^^S^''). 
As in [5] , [9] , we can show 

VxY, VyX G r{T^^'°^S^''). 

These can also be proved as in [1]: 

For any X,Y,Z e T{T^^'^^ S^""), (X, Y) = with respect to the standard inner 
product on TS^"". Then = Z{X, Y) - {VzX, Y) + {X, VzF), hence 

{VxY,Z) = {VyX,Z)^-{X,VyZ)^-{X,VzY) 
= {WzX, Y) = (Vx^, Y) = -(Z, Vx^), 

and {VxY, Z) = for any Z G V{T^^^^^ S"^""). This shows V xY G r(T(i'0)52n)_ 

As r, Vxi" e r(r(i'0)52n)^ j^^^^ 

(Vx = Vx( W - JfVxY = 0. 
Then for any Fi G r(52'^), F = (1 - x/^J/)Fi G r(r(i'0)52"), we have 
{VxJf)Y = (Vx J/ - v^Vx J/ • = 0. 
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Then 

VxJf - V^VxJf ■Jf = 0, 
VxJf = V^VxJf ■ Jf = -y^JfVxJf. 
By Lemma 3.5, VxJf e r{T^J{S^'') ^ C), from JfVxJf = ^/^VxJf, we have 

JVxJf = J/VxJ/ = ^VxJf. 

These shows Xf e T{T'^^'°'>J{S^'')) for any X e T{T^^'°\S^'')) and the map 
/: ^ J^(52n) ig holomorphic. 

Hence, if there is an intcgrable complex structure on the sphere 5*^", the related 
section /: 5"^" J{S'^'") is holomorphic. Then S^'^ is also a Kaehler manifold 
with the induced metric and the complex structure Jf. This can occur only when 
n — 1. We have proved that there is no integrable orthogonal complex structure on 
the sphere 5*^" for n > 1. □ 

There are two connected components on J'{S'^"'). Denote J'^{S'^"') the twistor 
space of all oriented almost orthogonal complex structure on 5*^". Using degenerate 
Morse functions wc can show 

Theorem 3.6 The Poincarc polynomial of J'^{S^^^) is 

PtiJ-^iS^n) = (1 + + i') • • • (1 + i'"). 
Proof As in [10], [11], let 

h{A) = (A, eoe*_i - e_i4) 

be a function on ^+(5^'*), where e_i = (1, 0, 0, • • • , 0)*, cq = (0, 1, 0, • • • , 0)* are two 
fixed vectors. As discussed above, we can set 

A = (e_i, Co, ei, ■ • ■ , e2„) Jo(e-i, cq, ei, ■ ■ ■ , e2„)*, 

(e_i, Co, ei, • • • , e2n) e 5*0(271 + 2), e_i = e_i. 

The elements {e^eg, A,B = — 1, 0, 1, • • • , 2n} forms an orthonormal basis of 
gl{2n + 2,R) with the norm {X, Y) = trXYK Hence 

n 

dh ^ Yl '^^*(e2ie*_i - 6.162^, eoe*_i - e.iCo) 

i=l 

n 

+ ^ a;^^~^(e2i-ie*_i - e.ic^^.i, eoe*_i - e_i4) 

i=l 

2n 

= 2;^ a;'(Q,eo), 
1=1 



12 



dh = if and only if cq = Cq or cq = — Cq. Then tt ^(cq) and tt ^(— Cq) are two 
critical submanifolds of the function h. It is easy to see that 

2n 2n 

i=l 1=1 

These shows that the critical submanifolds h~^{—2) — 7r~^(— Cq) and h~^{2) — 
7r~^(eo) are non-degenerate with indices and 2n respectively. Then /i is a Morse 
function and the Poincare polynomial of J'~^{S^"') is 

Pt( = (1 + i'")Pt( □ 

In particular, Pt{J+{S'^)) = Pt{J+{S^)) = l + e + t^ + t^. This also shows there 
is no almost complex structure on the sphere 5"^, for proof see [9]. 



4. The complex structure on the sphere 5"^" 

In the following we study the complex structure on the sphere 5*^" and give 
another proof of Theorem 3.4. 

The metric on 5"^" can be represented by 

1 2n 

where (y^, y^, • • • , y^") arc the coordinates on 5"^" defined by the stcrcographic pro- 
jection. Let Cj = + be an orthonormal frame fields on 5*^"^, a;* — j^^ir^dy'^ 
be their dual 1-forms. 

Lemma 4.1 The Riemannian connection V on 5"^"^ is defined by 

1 1 

Proof By the structure equations of Riemannian connection 
we have 



1 . . 1 



UJ 



^ = --y^u'' + -y V, k,j ^1,2,- ■■, 2n. 



1 2" " T 

The Riemannian connection V on 5"^" is defined by Ve^ = "^jCfc. □ 

By = diol — Yj — ^ '^^ know that the sphere has constant 

curvature. 
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In the following we sometimes omit the notation 

Lemma 4.2 Let J be an almost complex structure on S^"', Jci = J2 ^j^ji- We 
have 



Cj — \f—lJej 



+ -[5ij - BkiBkj - V^{Bij + Bji)]y^ei. 



Then 



= -\/^[(ei - \f^Jei)Bkj\ek 



-\\{ej - y/^Jej)Bki]ek 



-ly''Bkj){ei 



-^Jei) + ^{y' 



ly''Bki){ej 



Remark If the almost complex structure J is orthogonal, we have BB^ = I 
and B + B^ = 0, then 

= -V^[{ei - V^Jei)Bkj]ek - ^{y^ - ^/^y''Bkj)iei - V^Jci). 

Xi = ei- \/-TJei are (1, 0) vector fields on S^", then Vx,Xj ^ -Vx.Xi, V^Xj 7^ 
—Vx.Xi. But in Lebrun's paper [6], he proved Vx^Xp = —'VxgXa for (0, 1) vector 
fields Xa,Xp. 

Corollary 4.3 (1) The almost complex structure J is integrable if and only if 
E [(ci - \^Jei)Bkj]ek - E [(ej - \/^Jej)Bki]ek is (1, 0) for any that is 

(^k[eiBkj - ejBki] + Jek[{Jei)Bkj - {Jej)Bki\ = 0; 

(2) If J is an orthogonal almost complex structure on 5"^", J integrable if and 
only if E [(cj — ^/^Jei)Bkj]ek is (1, 0) for any i, j, that is 

Y ek{eiBkj) + Y Jek{Jei)Bkj = 0. 
Proof (1) By Lemma 4.2, [cj — \/^Jei, tj — \f^Jej\ is (1, 0) if and only if 
Y [(ei - V-iJei)Bkj\ek - Y [i^j - \f-^Jej)Bki]ek 
is (1, 0). Act J on the left of above equation we have 

Y [{eiBkj)ek - {ejBki)ek] = - X] [{{Jei)Bkj)Jek + {{Jej)Bki)Jek]. 



14 



(2) follows from Lemma 4.2 and the fact that Vg._y3Tje.(ej — ^/^Jcj) is (1,0) 
when the complex structure J is orthogonal. □ 

Define Jo;* = J2 Bijuj^ , we have (Ja;*)efc = a;*(Jefe). The torsion of the complex 
structure J is defined by 

N{X, Y) = [JX, JY] - J[JX, Y] - J[X, JY] - [X, Y]. 

Prom [ci — \/^Jei, ej — -\/^Jej], we have 

N{ei,ej) = J2 ek[{Jei)Bkj - {Jej)Bki] - J2 Jek[eiBkj - ejBki]. 

Hence the torsion of J can be represented by 

N ^ Yl [iJ^i)Bko - {eiBij)Bki\uj' A cu^ (g) 
= ^ eiBkj[Juj' A uj^ + a;* A Juj^\ ® 
= {ciBkj - ejBki)uj' A Juj^ <S) e^. 

Note that 

JN = Y^ eiBkjluj' A uj^ - Juj'' A Juj^] ® e^. 

Let f = J = eQ- e'^i — e_i • Cq + (ci, • • • , e2n)B{ei, • • • , e2„)* be a section of twistor 
space J'{S^'^), B^ = —I. We also view / as a map from 5*^" to the Kaehler manifold 
j-j-^2n+2^ Then J = Jf = J2 ^-iBijCj is an almost complex on 5^", set 

f.X^Xf^VxJf + X. 

We have 

Ve,J/ = ei{eiBij)e] + {Veiei)Bije] + eiBij{Veiejy 

= ei{eiBij)e] + -{-eiy'e\ + ^^=6^6^ J + -J{eiy'e\ - y%e'i), 

and 

ei = eieti - e_iej + J{eieti - e_ie\)J. 

Then 

- ei[{ei - ^Jei)B,^]e] + ^(1 - v^J)Qy^e5(l + x/^J) 
+^^{Bik + Bki)[y'Jeiel - z/'e^e^J], 
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and 



ei - V^Jei 



(1 - V^J)eieti(l + V^J) - (1 - v^J)e_i(e* 
-eoiBik + Bki)el{l-^/^J). 



If the complex structure J/ is orthogonal and integrable, Bij + Bji = 0, Xf = 
VxJf + X is a (1, 0) vector field on JiS^"") for any X e r{T^^'^^ S^""). These gives 
another proof of Theorem 3.4. 

The above computation can be used to show that the twistor space J{S'^'^) is 
not a Kaehler submanifold of 

Theorem 4.4 Let /: 5^" ^ ^(^2") be a local section^ The map /: -5^" ^ 
J{R^^^'^) is holomorphic if and only if / is a local section of J'{S'^") and integrable. 

Proof For any tangent vector e; defined above, we have 



This shows the local section / is holomorphic if and only if Bij + Bji = and 
Jei{eiBij) — ei{{Jei)Bij) — 0. That is, the complex structure J/ is orthogonal and 
integrable. 
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